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An alternative configuration of the laser wake-field accelerator is proposed in which enhanced ac-
celeration is achieved via resonant self-modulation of the laser pulse. This requires laser power in excess
of the critical power for relativistic guiding and a plasma wavelength short compared to the laser pulse
length. Relativistic and density wake effects strongly modulate the laser pulse at the plasma wavelength,
resonantly exciting the plasma wave and leading to enhanced acceleration.

PACS number(s): 29.17.+w, 52.40.Nk, 41.75.—1

I. INTRODUCTION

Plasma-based accelerators are being widely researched
as candidates for the next generation of particle accelera-
tors [1]. One promising concept is the laser wake-field
accelerator (LWFA) [2-4], in which a short (7, <1 ps),
high-power (P > 10'2 W) laser pulse propagates in plasma
to generate a large-amplitude (E >1 GV/m) wake field,
which can trap and accelerate a trailing electron bunch.
In the standard LWFA, efficient wake generation re-
quires L z?kp /2, where L is the full-width-at-half-
maximum length of the laser intensity profile on
axis, kp =2mc/w, is the plasma wavelength, o,
=(4mngye?/m)'?, and n, is the ambient plasma density.
In this case, the peak axial electric field is given
by [2-4] E,=(w’mc®/e)aj/(4A,v,), where ¥,
=(1+a}/2)""? and ay=e A, /mc? is the normalized am-
plitude of the laser vector potential field [S], which is as-
sumed to be linearly polarized throughout this paper. To
improve the final energies of accelerated particles in the
LWFA, higher accelerating fields and longer interaction
distances are required. Accelerating fields can be in-
creased by reducing the plasma wavelength and hence the
laser pulse length, which is limited by technological con-
siderations. Longer interaction distances may be
achieved if the laser pulse can be optically guided
[3-4,6-8].

In this paper, we propose a self-modulated LWFA in
which enhanced acceleration is achieved via resonant
self-modulation of the laser pulse. This occurs when (a)
the laser pulse extends axially over several plasma wave-
lengths, L >?»p, and (b) the peak laser power satisfies
P2P . ~17(A,/ Ao)* GW, where P, is the critical power
[6] for relativistic optical guiding and A, is the laser
wavelength. At fixed laser parameters, both conditions
can be met by choosing a sufficiently high plasma density.
Operation in the self-modulated regime could have a
dramatic impact on LWFA experiments now being
planned in the United States and elsewhere.

II. SELF-MODULATION OF THE LASER PULSE

We have found that in the self-modulated regime,
enhanced wake fields are generated, i.e., accelerating
fields are more than an order of magnitude greater than
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those generated by a laser pulse with L =4, /2, assuming
fixed laser parameters. Acceleration is enhanced for four
reasons. First, since a higher density is required (assum-
ing L fixed), the wake field will be increased: E,~n}’%.
Second, the resonant mechanism excites a very-high-
amplitude wake field in comparison to the standard
LWFA. Third, since P> P,, relativistic focusing further
enhances the laser intensity, increasing a,. Fourth, simu-
lations show that a portion of the pulse will remain guid-
ed over multiple laser diffraction lengths, extending the
acceleration distance.

The mechanism can be understood by considering a
long laser pulse L >>A,,, with power P =P, such that the
body of the pulse is relativistically guided [3]. The finite
rise time of the pulse will create a low-amplitude wake
field within the laser pulse. Alternatively, this plasma
wave can be generated via a forward-Raman-scattering
(FRS) instability, as was suggested by Tajima and
Dawson [2]. In the wake field, each region of decreased
density acts as a local plasma channel to enhance the rel-
ativistic focusing effect, while each region of increased
density causes defocusing [7,8]. This results in a low-
amplitude modulation of the laser pulse at A,. The
modulated laser pulse resonantly excites the wake field
and the process continues in an unstable manner. This
instability, which is observed to develop on a time scale
associated with laser diffraction, resembles a highly non-
linear two-dimensional form of the usual FRS instability.
It is distinguished from FRS by its two-dimensional na-
ture and by its growth rate, which increases dramatically
as the P 2 P_ threshold is crossed.

In the standard LWFA, the acceleration distance is
limited by the diffraction length, or Rayleigh length, of
the laser pulse: Zg =(kq/2)r3, where ko=27/Aq and r,
is the radius of the laser waist. At the high plasma densi-
ties and extended laser propagation lengths associated
with the self-modulated LWFA, single-stage acceleration
can be limited by detuning due to the reduced group ve-
locity v, of the laser pulse, rather than by diffraction.
Here v,~c[1—(A¢/A,y,)*/2], where L >>A, has been
assumed [4]. One-dimensional theory indicates that
phase detuning limits the maximum acceleration to
AY oy =7A2a3y /(2A}), assuming fixed @, and
kpa%/ko >>1. With current laser technology [9], ac-
celeration of electrons to ~ 100 MeV appears possible us-
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ing a single-stage, standard LWFA [10,11]. We find,
however, that resonant self-modulation and relativistic
guiding can enhance considerably the acceleration in the
self-modulated LWFA. We will illustrate this via two
numerical simulations. The first is a standard case which
is optimized in the usual sense, with L=A,/2. The
second is a self-modulated case, in which the plasma den-
sity is increased such that L > A, and P > P, are achieved

P
(all other parameters remain unchanged).

III. MODEL EQUATIONS

These simulations were based on the laser-plasma
fluid model described in Refs [8,11], which utilizes
(r,§=z—ct,7=t) coordinates. The laser pulse moves in
the positive z direction such that the front of the laser
pulse remains near {=0. The physical region of interest
extends from {=0, where the plasma is unperturbed, to
§<0. The model is valid when Zz >L, Z >>Kp,
Ao <<rg, and Ay <<A,. Laser-pulse evolution is described
by the wave equation

) 2ik0_a_ 2 @ a
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To include phase detuning effects, the d%2/9r 9§ term is
retained in Eq. (1), in contrast to Refs. [8,11]. In Eq. (1),
4, is the slowly varying amplitude of the normalized vec-
tor potential of the laser pulse [a,=a,exp(iko$)/2
+c.c., where c.c. denotes complex conjugate], k, =w, /c,
ps=n,/ysny, ng is the slowly varying component of the
plasma density and ¥, is the slowly varying component of
the relativistic factor of the plasma. The plasma response
to a given laser field @ is given by [8]

(V)
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and

ys=1+(u} +a,8%/2+¢2)/[2(1+¢,)], @d)

where the Coulomb gauge has been used (V-a; =0) and
¥, =¢,—a,,. In Egs. (2a)-(2d), a,=e A,/mc* and
¢, =e®, /mc? are the normalized vector and scalar po-
tentials, respectively, u,=p,/mc is the normalized
momentum, p'®=p (£=0), the subscript s denotes the
slowly varying component, and the plasma ions are as-
sumed to be immobile. In the axisymmetric case, Egs.
(2a)-(2d), along with V-a; =0, can be combined to yield a
single equation for ¢, in terms of |a,|% which is solved
numerically [8,11]. This model neglects certain laser-
plasma instabilities [12—14]. In particular, Raman side
scattering could limit the effective longitudinal extent of a
laser pulse with P> P, [14]. This will be discussed fur-
ther at the end of Sec. V.
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IV. SIMULATION RESULTS

In these runs, we will consider a Gaussian laser pulse
with Ay=1 um, a;=0.70, r;=31 um and L =45 um (150
fs), such that Zp =0.3 cm. Here we define a, to be the
amplitude of the laser vector potential a, at the point of
minimum focus in vacuum. In this case, the peak laser
power is P=21.5(ayry/Ay)> GW=10 TW and the energy
per pulse is 1.5 J, well within the bounds of present tech-
nology [9]. The simulation geometry is illustrated in Fig.
1. We begin at 7=0 with the laser pulse outside the plas-
ma. The plasma density is “ramped up” to reach full
density at c7=2Zy. The laser pulse is initially converg-
ing such that in vacuum it would focus to a minimum
spot size of r,=31 um at ct=3Zy. The simulation con-
tinues until c7=10Zz =3.0 cm.

According to standard LWFA theory [2,3], the op-
timum wake field will be obtained at a plasma density for
which }»p ~2L =90 um, or nyp=1.4X 107 cm 3. At this
density, P <P,~140 TW such that relativistic guiding
effects are unimportant. In fact, the presence of the plas-
ma has little effect on the evolution of the laser pulse,
which reaches a peak normalized intensity of |2 f|2=0. 56
at ¢c7=3Zy (in this run, the laser spot size versus time
closely tracks the line for vacuum diffraction shown in
Fig. 1). This is further illustrated in Fig. 2 (dashed line),
where the peak accelerating field, plotted versus time, is
symmetric about cT7=3Zy.

To study the acceleration and trapping of electrons by
the wake field, a particle code is used to accelerate a dis-
tribution of 30000 noninteracting test particles in the
time-resolved electric and magnetic wake fields of the
simulation. Here we consider a continuous electron
beam with initial energy of 3.0 MeV and normalized em-
ittance €, =130 mm mrad. The beam is initially converg-
ing such that in vacuum it would focus to a minimum
rms radius r, =200 pm at c7=3Zz. After c7=10Z,
=3.0 cm, a small fraction (0.1%) of the original particle
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FIG. 1. Ambient plasma density n,/n, vs time (solid line)
and spot size 7, /A, of the leading laser beamlet plotted vs time
for the n,=2.8X 10" cm™3 case. The laser is initially converg-
ing such that the minimum spot size in vacuum is reached at

ct=3Zy. Here, r, is defined as the radius encl(z)sing 86.5% of
25
the laser power (for a Gaussian pulse, a ~e )
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FIG. 2. Peak accelerating field vs time for the no=1.4X10"7
cm 3 case (dashed line) and the n,=2.8X10'® cm > case (solid
line).

distribution has been trapped and accelerated (simula-
tions show that this fraction can be increased by using a
lower emittance beam). At ¢7=3 cm, the peak particle
energy is 48 MeV (see Fig. 3, dashed line).

We now consider a self-modulated LWFA simulation
with parameters nearly identical to those considered
above. Here the plasma density has been increased to
ny=2.8X10"% cm ™3 (A, =20 pum). This reduces the criti-
cal power to P,=6.8 TW, such that P=~1.5P,. As the
laser parameters have not been changed, the laser pulse
now extends over several .

Three important physical effects come into play in this
case. First, because P>P. and L >}»p, resonant self-
modulation of the laser pulse will excite a very-high-
amplitude wake field. Second, portions of the long laser
pulse with P =P, will remain optically guided and fo-
cused over multiple Zz, increasing the acceleration
length and enhancing the laser intensity. Third,
Ay ax==340 (170 MeV). However, we will see below that
self-focusing enhances the laser intensity by a large factor

cT (cm)

FIG. 3. Peak particle energy vs time for the no=1.4X10"7
cm 3 case (dashed line) and the n,=2.8 X 10'® cm 3 case (solid
line).
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(>10) such that much higher electron energies can be
obtained.

Figure 4 shows the normalized laser intensity at (a)
c¢T=2Zy (just as the laser enters the full-density plasma)
and (b) c7=3.2Z} (just beyond the vacuum focal point).
The axial electric field and plasma electron density at
¢T=3.2Zy are shown in Figs. 5 and 6, respectively. The
laser pulse has been modulated [three peaks are observ-
able in Fig. 4(b), separated by ~A,] and the plasma
wave is highly nonlinear. In addition, relativistic and
density wake effects have focused the laser to a much
higher intensity than was observed in the previous simu-
lation. Figure 1, which shows the spot size r; vs time for
the leading portion of the laser pulse, indicates that the
laser pulse is optically guided over 5.5Z;. A plot of the
peak accelerating field versus time, Fig. 2 (solid line) fur-
ther illustrates this point. Here the leading laser “beam-
let” initiates a density wake which, when combined with
the relativistic focusing effect, results in strong focusing
of each of the laser beamlets. Note that the leading por-
tion of the beamlet structure, with length <A,/(2y,),
diffractively erodes [3,8]. However, the extreme focusing
of the laser pulse increases y, such that the erosion is
minimized. As a result, the leading beamlet remains fo-
cused over multiple diffraction lengths (see Fig. 1). In ad-
dition, the group velocity within the modulated pulse
varies locally with laser intensity and electron density,
further distorting the pulse profile. The laser beamlets
continue to distort and erode until cT7=7Zy, at which
time the laser pulse disintegrates entirely. Note also that
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FIG. 4. Laser intensity |2/|? sampled over a coarse grid (the
numerical grid is much finer), at (a) c¢7=2Zz and (b)
c7=3.2Z. The laser pulse is moving towards the right.
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FIG. 5. Axial electric field E, vs ¢ plotted at ct=3.2Z.

the exponential growth distance of the instability is
significantly less than Z; (the laser enters the plasma at
c¢7=2Zy and is fully modulated at ct=3.2Zy ).

Figure 2 (solid line) also shows that as the pulse be-
comes fully modulated, the amplitude of the peak ac-
celerating field saturates. We have performed further
simulations that suggest an additional saturation mecha-
nism. We find that as the wake amplitude increases to
the point that the plasma electrons are expelled entirely
from the axis of the simulation, the growth of the insta-
bility slows. Our model, however, contains a mathemati-
cal singularly at zero plasma-electron density. This is un-
fortunate for two reasons: first, we were not able to ex-
plore this saturation mechanism in detail; second, it has
recently been pointed out [15] that in the limit of zero
plasma-electron density in the wake, the resulting bare
ion channel has favorable (i.e., linear) focusing properties,
which tend to preserve the emittance of an accelerated
electron bunch. In addition to the two saturation mecha-
nisms discussed above, we have observed that the growth
of the instability may be inhibited in some cases.
Specifically, the two-dimensional nature of the instability
requires that regions of focusing and defocusing occur
within the pulse. When defocusing is inhibited, the

n/n,

FIG. 6. Plasma-electron density on axis n /n, vs § plotted at
ct=3.2Z4.
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growth of the instability can be slowed or stopped entire-
ly. We have observed this in cases where the pulse is con-
verging and is several Rayleigh lengths from focus (here
the instability can be suppressed until minimum spot size
is reached), and in cases with P = P, in which a density
channel is present (this can be either a preformed plasma
channel or a plasma-electron channel due to self-
channeling). In the case of self-channeling, radial pon-
deromotive forces expel a large fraction of the plasma
electrons from the axis. A sufficiently strong density
channel (An/n,~0.5) provides additional guiding and
can reduce the growth rate of the instability (typically by
a factor of 2-3).

As before, a beam of 30000 noninteracting test parti-
cles is injected into the time-resolved wake field, with ap-
proximately 2% of the particles being trapped and ac-
celerated (as in the previous case, we find that this frac-
tion can be increased by using a lower emittance beam).
The peak particle energy of 430 MeV is observed at
ct=1.8 cm=6Zy. At ¢c7=3.0 cm=10Zy, however, the
peak particle energy has dropped to 290 MeV due to the
reduced group velocity of the laser pulse, which causes
the electrons to slip out of phase with the wake field and
become decelerated. Figure 3 (solid line) shows accelera-
tion tc 430 MeV.

V. COMPARISON TO THE FORWARD
RAMAN-SCATTERING INSTABILITY

Finally, we have performed additional simulations to
investigate the nature of the highly nonlinear instability
observed here. In the broad-pulse regime, 7, >>kp, with
P <P,, the nonlinear modulation instability described
above reduces to the standard FRS instability. In this re-
gime, ay << 1, it is straightforward to analyze the stability
of Egs. (1) and (2) following the approach of Ref. [14].
Consider laser perturbations propagating in the forward
direction (k; =0) of the form 8a, =058, expi(6,+6.)
+c.c.,, where 6y,=koz—wyt, 6, =kz—wt, 6_=06%, and
the frequency and wave number of the pump laser are re-
lated by wj—c’k§=w%(1—|a|>/4). The frequency and
wave number k of the perturbation satisfy the dispersion
relation [14,16] D(w,k)=0, where

D=(k*—k})(k*a’—k385°)—kjadck 80 /4, (3)

dw=w—ck and 8o=w—vgzk is the frequency in the
group-velocity coordinate system (§, =z —v,f, 7=1).

For a semi-infinite beam that exists in the region {, <0,
the asymptotic behavior of the instability can be deter-
mined using a conventional stability analysis [14,17].
This is obtained by solving the equations D(&@,k)=0
and d[D(8&',k)]/dk =0, where &a' =86m—vk and
v=(,/T7=0. We have solved Eq. (3) in various limits.
For example, in the limit that (o, /q)°/ad
<vl<(a, /wy)?* /a3 and ag(®, /wy)?/(2V2) < |v|, the

behavior of the perturbation is given by [8a.]
~ exp(I'7), where
1/3
’\/3 © 4/3 |§ I
r=Y2,23 |22 15gl
2 %0 g “r | Ter @
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Growth rates obtained via simulation were in good agree-
ment with Eq. (4); the scaling with respect to a(, »,, and
wo was confirmed to within 10% (we used r; =504,
A,=10-30 pm and @, =0.004-0.10). Simulations show,
however, that the growth of the nonlinear modulation in-
stability greatly exceeds that of the standard FRS insta-
bility for cases in which P=>P, and the exponential
growth time of the FRS instability is long compared to
Zy /c or for cases in which P >>P,_.

Raman side scattering could limit the length of long
pulses, L >>A,, by causing the tail of the pulse to erode
[14]. In our simulations, side-scattering radiation with
k, =k, is not resolved due to the finite radial grid size
(the grid resolves Ap >20A,). Reference [14], however,
estimates that pulses which are not too long,
ka ~10-20, should be stable to side scatter. The self-
modulated case simulated here satisfies this condition. In
addition, the results of Ref. [14] describe the linear stabil-
ity of a uniform laser pulse. As the pulse self-modulates
(with an exponential growth length <<Zj) the two pro-
cesses will compete. It is possible that, once the laser
pulse is fully modulated, it will be stable to side scatter,
since a perturbation may not grow significantly within a
beamlet of length <A,.

VI. CONCLUSIONS

We have proposed an alternative configuration of the
LWFA in which enhanced acceleration (by a factor > 10)

is achieved via resonant self-modulation of the laser pulse
(this concept is also discussed in Ref. [18], which was
only recently brought to our attention). The self-
modulation mechanism requires P =P, and L >4, (the
usual requirement that L ~A,/2 is removed). We have
demonstrated via simulation the dramatic advantages of
the self-modulated LWFA relative to the standard
LWFA [1-3]. We have further demonstrated the feasi-
bility of the self-modulated case by confining our simula-
tions to currently available laser and plasma parameters.
We should point out that similar improvements over the
standard LWFA can be obtained through the use of laser
guiding via a performed plasma channel or via pulse
tailoring [8,11]. The point of this paper, however, is that
a significant enhancement in LWFA performance can be
obtained without addressing the technical difficulties that
are associated each of these alternatives. It is a notable
aspect of these simulations that, by increasing only the
plasma density, one can test both the simple linear theory
and the highly nonlinear, self-modulation regime de-
scribed here.
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